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A Single Equation Of Gravity And Electromagnetism On Parallelizable Manifold
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The crucial but undocumented Dolan-McCrea variational method is richly applied. Using the
said method, we analytically derived a field equation comprising entirely of geometric structures
and we investigate how effectively it describes gravitational and electromagnetic phenomena. The
procedure we adopted involved constructing a scalar invariant as was the case for Einstein’s General
Relativity (GR) except that the scalar of parameterized Absolute Parallelism geometey consists of
the Ricci scalar plus an additional term, which is essentially the contortion.
It is known that parallelizable or absolute par-
allelism (AP-)manifold has defined on it, multiple
connections with the basic ones being the canoni-
cal connection, the dual of the canonical connection,
the symmetric connection and also the Levi-Civita
connection[1, 2]. It has been shown that the curva-
tures with respect to any linear connection on the
parallelizable manifold can be written as products
of torsion[3]; this implies that vanishing of the tor-
sion results in identical vanishing of the various cur-
vatures on the manifold making the manifold seems
flat. However, there’s a way to walk around this is-
sue as suggested in [4]. The problem has been reme-
died by adopting the parameterized AP (PAP-)space
or by using the W-tensor[5]. The W-tensor has been
used to formulate a unified field equation of gravity
and electromagnetism[6, 7]. Reinventing the wheel is
not what we are set to achieve here, instead, we are
presenting a rich mathematical insight by revitalizing
the technically moribund Dolan-McCrea variational
principle and applying it toward arriving at a purely
geometric unified field equation of gravity and elec-
tromagnetism. To do so, we use a PAP connection,
namely the dual of the connection stated below[1].
∇αµν = {
α
µν}+ qγ
α
µν (1)
where ‘q’ is a scalar parameter; {αµν} is the Levi-Civita
connnection, and γαµν is the spacetime contortion.
The daul of Eq.(1) is given by:
∇˜αµν = ∇
α
νµ. (2)
Eq.(2) has the advantage that even though the pa-
rameter q = 1, we do not get simultaneous vanishing
of the curvature and torsion tensors. And setting
q = 0 switches off electromagnetic phenomena and
reduces the system to the Riemannian situation.
I. CURVATURE WITH RESPECT TO THE
DUAL PAP CONNECTION
Let D be the curvature tensor corresponding to the
parameterized dual connection of the PAP-space. In
consonance with the Riemann curvature tensor,D can
be constructed as follows:
Dαµνσ = ∇˜
α
µσ,ν − ∇˜
α
µν,σ + ∇˜
ǫ
µσ∇˜
α
ǫν − ∇˜
ǫ
µν∇˜
α
ǫσ,
(3)
where comma denotes ordinary differentiation with
respect to the indicated spacetime axes and semi-
colon shall denote covariant differentiation with re-
spect to the Levi-Civita connection. Putting Eq.(2)
into Eq.(3), we have:
Dαµνσ = {
α
σµ},ν − {
α
νµ},σ + {
ǫ
σµ}{
α
νǫ} − {
ǫ
νµ}{
α
σǫ}+ q
[
γασµ,ν − γ
α
νµ,σ
+γǫσµ{
α
ǫν} − γ
α
σǫ{
ǫ
µν} − γ
α
ǫµ{
ǫ
σν}+ γ
α
ǫµ{
ǫ
σν} − γ
ǫ
νµ{
α
ǫσ}
+γανǫ{
ǫ
µσ}+ q(γ
ǫ
σµγ
α
νǫ − γ
ǫ
νµγ
α
σǫ)
]
= Rαµνσ + q
[
γασµ;ν − γ
α
νµ;σ + q(γ
ǫ
σµγ
α
νǫ − γ
ǫ
νµγ
α
σǫ)
]
.
(4)
To obtain the Ricci tensor analogue, we set σ = α
while noting that the contortion, γ is skew-symmetric
with respect to the first pair of indices and symmetric
with respect to the last pair of indices and the Rie-
mannian curvature tensor is skew-symmetric with re-
spect to both the first pair and second pair of indices.
With this in mind, we put away terms with vanishing
results in the resultant (0, 2) tensor field Dαµνα. And
the result of this contraction is:
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2Dµσ = D
α
µνα
= Rαµνα + q
[
γααµ;ν − γ
α
νµ;α + q(γ
ǫ
αµγ
α
νǫ − γ
ǫ
νµγ
α
αǫ)
]
= Rµν + q(−γ
α
νµ;α+qγ
ǫ
αµγ
α
νǫ).
(5)
Next, we sum over the diagonal entries of Eq.(5). Let
D be the result of the sum and it’s called the scalar
curvature presented as:
D = gµνDµν
= gµν
[
Rµν + q(−γ
α
νµ;α+qγ
ǫ
αµγ
α
νǫ)
]
= R− qCα;α + q
2γǫαµγ
αµ
ǫ.
(6)
II. FIELD EQUATIONS
Along the path of stationary action, the term in-
volving covariant differentiation of the basic form cα
will not contribute to the variation; so we may write
Eq.(6) as:
D = R+ q2γǫαµγ
αµ
ǫ, (7)
where R represents the Ricci scalar and Q =
1/2q2Λǫαµγαµǫ. Physically, the scalar curvature, D
can represent a Lagrangian density having a negative
weight; so, we have to multiply it by a scalar capacity
χ with weight of equal magnitude but of opposite sign.
Then the absolute invariant Lagrangian, L is defined
as:
L := χD
= χ(R +Q); χ = det(χ
i
ρ).
(8)
The Lagrangian density is in general a function of the
parallelization vector, therefore Variation of L with
respect to the parallelization vector is studied upto
second derivative. But since the second derivative
contributes not to the variational principle, we need
not evaluate terms involving second derivative of χ
i
.
For Eq.(8), the Euler-Lagrange equation is given by:
0 =
1
χ
[
∂R
∂χρ
i
−
( ∂R
∂χ
i
ρ,η
)
,η
+
( ∂R
∂χ
i
ρ,ητ
)
,τη
]
χ
i
ν
+
1
χ
[
∂Q
∂χρ
i
−
( ∂Q
∂χ
i
ρ,η
)
,η
+
( ∂Q
∂χ
i
ρ,ητ
)
,τη
]
χ
i
ν .
(9)
It is well known the first part of Eq.(9) or the
part involving the Ricci scalar will give the Einstein
tensor[8]. Presently, we must concentrate on the sec-
ond part.
∂Q
∂χ
i
ρ
=
∂
∂χ
i
ρ
(1/2q2χΛǫαµγαµǫ)
=
1
2
q2
( ∂χ
∂χ
i
ρ
Λǫαµγαµǫ + χ
∂Λǫαµ
∂χ
i
ρ
γαµǫ
+ χΛǫαµ
∂γαµǫ
∂χ
i
ρ
)
,
(10)
next, we shall apply the Dolan and McCrea varia-
tional method[9] received via personal communication
to each term of Eq.(10). Before that, let’s note the fol-
lowing; they would come in handy.
∂χ
r
α
∂χ
i
ρ
= δirδ
ρ
α;
∂χ
r
α
∂χ
i
ρ
= −χ
r
ρχ
i
α = −δirχ
r
ρχ
r
α;
∂χ
r
α,σ
∂χ
i
ρ,λ
= δirδ
ρ
αδ
λ
σ ;
∂χ
r
α
,
σ
∂χ
i
ρ,λ
= δirg
αρgσλ.
(11)
Using Eq.(11), we show the derivative with respect to
the parallelization vector of the metric tensor, torsion
and contortion below.
∂gασ
∂χ
i
ρ
=
∂
∂χ
i
ρ
(χ
r
αχ
r
σ)
=
∂χ
r
α
∂χ
i
ρ
χ
r
σ + χ
r
α
∂χ
r
σ
∂χ
i
ρ
= −χ
r
ρχ
i
αχ
r
σ − χ
r
αχ
r
ρχ
i
σ
= −χ
i
αgσρ − χ
i
σgαρ,
(12)
∂Λǫσλ
∂χ
i
ρ
=
∂
∂χ
i
ρ
(χ
r
ǫχ
r
σ,λ − χ
r
ǫχ
r
λ,σ)
= −χ
r
ρχ
i
ǫχ
r
σ,λ + χ
r
ρχ
i
ǫχ
r
λ,σ
= −χ
i
ǫ(χ
r
ρχ
r
σ,λ − χ
r
ρχ
r
λ,σ)
= −χ
i
ǫΛρσλ.
(13)
The derivative of the first term of Eq.(10) is given as:
∂χ
∂χ
i
ρ
= χχ
i
ρ. (14)
3The derivative of the second term of Eq.(10) is given as:
∂Λǫαµ
∂χ
i
ρ
=
∂
∂χ
i
ρ
(gασgµλΛǫσλ)
=
∂gασ
∂χ
i
ρ
gµλΛǫσλ + g
ασ ∂g
µλ
∂χ
i
ρ
Λǫσλ + g
ασgµλ
∂Λǫσλ
∂χ
i
ρ
= (−χ
i
αgσρ − χ
i
σgαρ)gµλΛǫσλ + g
ασ(−χ
i
µgλρ − χ
i
λgµρ)Λǫσλ
− χ
i
ǫgασgµλΛρσλ
= −χ
i
αgσρgµλΛǫσλ − χ
i
σgαρgµλΛǫσλ − χ
i
λgασgµρΛǫσλ
− χ
i
µgασgλρΛǫσλ − χ
i
ǫgασgµλΛρσλ
= −χ
i
αΛǫρµ − χ
i
γg
γσgαρgµλΛǫσλ − χ
i
γg
γλgασgµρΛǫσλ
− χ
i
µΛǫαρ − χ
i
ǫΛραµ
= −χ
i
αΛǫρµ − χ
i
γ(g
αρΛǫγµ + gµρΛǫαγ)− χ
i
µΛǫαρ − χ
i
ǫΛραµ.
(15)
The derivative of the third term from Eq.(10) is given as:
∂γαµǫ
∂χ
i
ρ
=
1
2
∂
∂χ
i
ρ
[
Λµǫα + Λǫµα − Λαǫµ
]
=
1
2
∂
∂χ
i
ρ
[
χ
r
µ(χ
r
ǫ,α − χ
r
α,ǫ) + χ
r
ǫ(χ
r
µ,α − χ
r
α,µ)− χ
r
α(χ
r
ǫ,µ − χ
r
µ,ǫ)
]
=
1
2
δir
[
δρµ(χ
r
ǫ,α − χ
r
α,ǫ) + δ
ρ
ǫ (χ
r
µ,α − χ
r
α,µ)− δ
ρ
α(χ
r
ǫ,µ − χ
r
µ,ǫ)
]
=
1
2
χ
i
λ
[
δρµχ
r
λ(χ
r
ǫ,α − χ
r
α,ǫ) + δ
ρ
ǫχ
r
λ(χ
r
µ,α − χ
r
α,µ)− δ
ρ
αχ
r
λ(χ
r
ǫ,µ − χ
r
µ,ǫ)
]
=
1
2
χ
i
λ
[
δρµΛ
λ
ǫα + δ
ρ
ǫΛ
λ
µα − δ
ρ
αΛ
λ
ǫµ
]
.
(16)
Now, we put together all the terms, that is, the first, second and third terms of Eq.(10) to obtain:
1
χ
∂Q
∂χ
i
ρ
=
1
2
q2
[
χ
i
ρΛǫαµ − χ
i
αΛǫρµ − χ
i
µΛǫαρ − χ
i
ǫΛραµ − χ
i
γ
(
gαρΛǫγµ + gµρΛǫαγ
)]
γαµǫ
+
1
4
q2χ
i
λΛ
ǫαµ
(
δρµΛ
λ
ǫα + δ
ρ
ǫΛ
λ
µα − δ
ρ
αΛ
λ
ǫµ
)
.
(17)
Next, we compute the second term in the Euler-Lagrange equation stated at Eq.(9), that is:
∂Q
∂χ
i
ρ,η
=
∂
∂χ
i
ρ,η
(1
2
q2χΛǫαµγαµǫ
)
=
1
2
q2χ
∂Λǫαµ
∂χ
i
ρ,η
γαµǫ +
1
2
q2χΛǫαµ
∂γαµǫ
∂χ
i
ρ,η
.
(18)
4From the first term of Eq.(18), we have:
∂Λǫαµ
∂χ
i
ρ,η
=
∂
∂χ
i
ρ,η
[
χ
r
ǫ
(
χ
r
α
,
µ − χ
r
µ
,
α
)]
= χ
r
ǫδir
[
gαρgµη − gµρgαη
]
= χ
i
ǫ
[
gαρgµη − gµρgαη
]
.
(19)
And from the second term of Eq.(18), we have:
∂γαµǫ
∂χ
i
ρ,η
=
∂
∂χ
i
ρ,η
[1
2
(
Λµǫα + Λǫµα − Λαǫµ
)]
=
1
2
∂
∂χ
i
ρ,η
[
χ
r
µ(χ
r
ǫ,α − χ
r
α,ǫ) + χ
r
ǫ(χ
r
µ,α − χ
r
α,µ)− χ
r
α(χ
r
ǫ,µ − χ
r
µ,ǫ)
]
=
1
2
[
χ
r
µδir(δ
ρ
ǫ δ
η
α − δ
ρ
αδ
η
ǫ ) + χ
r
ǫδir(δ
ρ
µδ
η
α − δ
ρ
αδ
η
µ)− χ
r
αδir(δ
ρ
ǫ δ
η
µ − δ
ρ
µδ
η
ǫ )
]
=
1
2
[
χ
i
µ(δ
ρ
ǫ δ
η
α − δ
ρ
αδ
η
ǫ ) + χ
i
ǫ(δ
ρ
µδ
η
α − δ
ρ
αδ
η
µ)− χ
i
α(δ
ρ
ǫ δ
η
µ − δ
ρ
µδ
η
ǫ )
]
.
(20)
Putting Eq.(19) and Eq.(20) into Eq.(18), we have:
∂Q
∂χ
i
ρ,η
=
1
2
q2χχ
i
ǫ(gαρgµη − gµρgαη)γαµǫ +
1
4
q2χΛǫαµ
[
χ
i
µδ
ρη
[ǫα] + χ
i
ǫδ
ρη
[µα] + χ
i
δρη[µǫ]
]
. (21)
Next, we carry out a derivative of Eq.(21) with respect to xη to obtain:1
1
χ
(
∂Q
∂χ
i
ρ,η
)
,η
=
1
2
q2
(
gαρgµη − gµρgαη
)(
Γσσηχ
i
ǫγαµǫ + χ
i
ǫ
,ηγαµǫ + χ
i
ǫγαµǫ,η
)
+
1
2
q2χ
i
ǫ
(
gαρ,ηg
µη + gαρgµη,η − g
µρ
,ηg
αη − gµρgαη,η
)
γαµǫ
+
1
4
q2
(
ΓσσηΛ
ǫαµ + Λǫαµ,η
)(
χ
i
µδ
ρη
[ǫα] + χ
i
ǫδ
ρη
[µα] + χ
i
αδ
ρη
[µǫ]
)
+
1
4
q2Λǫαµ
(
χ
i
µ,ηδ
ρη
[ǫα] + χ
i
ǫ,ηδ
ρη
[µα] + χ
i
α,ηδ
ρη
[µǫ]
)
.
(22)
Putting the result of Eq.(17) and Eq.(22) into Eq.(9) and simplifying, we get2:
0 = 2Gρν − q
2δρνγ
ǫαµγαµǫ + 2q
2γαρǫγ
ǫ
αν
+ 2q3cαγ
αρ
ν − 2q
3γαρǫγ
ǫ
να − 2q
3γαρǫγ
ǫ
αν − 2q
2γαρν||α.
(23)
1 It can be shown that χ,η = χχ
j
σ
χ
j
σ,η 2 γ
αρ
ν||α: the vertical bars denote covariant differenttiation
with respect to the parameterized canonical AP-connection.
5The result of Eq.(23) agrees with [10]. Hence, one of our goals, which is to reinvent the undocumented Dolan-
McCrea variational method is successful.
It’s easy to see that multiplying Eq.(23) through by gλρ, gives
0 = 2Gνλ − q
2gνλγ
ǫαµγαµǫ + 2q
2γαλǫγ
ǫ
αν
+ 2q3cαγ
α
λν − 2q
3γαλǫγ
ǫ
να − 2q
3γαλǫγ
ǫ
αν − 2q
2γαλν||α.
(24)
Since the above entirely geometric object is non-
symmetric, it can be decomposed into symmetric
and skew-symmetric parts. The symmetric part will
be seen to comprise the Einstein tensor Gνλ plus
other symmetric terms, which have been collectively
identified as the geometric energy-momentum ten-
sor. The Einstein tensor is a geometric object, the
energy-momentum tensor of Einstein GR is a phe-
nomenological object but in this situation, the energy-
momentum tensor is a geometric consequence of the
AP-geometry[10].
M.I. Wanas and others have defined second order
world tensors in the modified AP-space[6]. Before we
proceed in decomposing the non-symmetric field equa-
tions at Eq.(24) into symmetric and skew-symmetric
components, it is pertinent at this juncture to intro-
duce the relevant second order world tensors so we can
keep the math less messy to the sight.
TABLE I. Second Order Symmetric World Tensorsa[6]
S/N World tensors
1. ψνλ := △
α
νλ||α
2. φνλ := Cα△
α
νλ
3. ωνλ := γ
α
νǫγ
ǫ
λα
4. ̟νλ := γ
α
νǫγ
ǫ
αλ + γ
α
λǫγ
ǫ
αν
a ∇εςα is the parameterized canonical connection.
Every term in the table is parameterized; the
parameters are suppressed for brevity.
Let’s for mathematical convenience, denote Eq.(24)
simply by Bνλ and now we decompose it as follows:
0 = Bνλ
= 2Gνλ − q
2gνλγ
ǫαµγαµǫ + 2q
2γαλǫγ
ǫ
αν + 2q
3cαγ
α
λν
− 2q3γαλǫγ
ǫ
να − 2q
3γαλǫγ
ǫ
αν − 2q
2γαλν||α
=
1
2
(
Bνλ +Bλν
)
+
1
2
(
Bνλ −Bλν
)
= B(νλ) +B[νλ].
(25)
Since each Bνλ in the decomposition equals zero, both
the symmetric and the skew-symmetric components
must each equals zero. The symmetric part B(νλ) is
extracted and displayed as:
0 = B(νλ)
=
(
Gνλ +Gλν
)
−
1
2
q2
(
gνλ + gλν
)
γǫαµγαµǫ
+ q2
(
γαλǫγ
ǫ
αν + γ
α
νǫγ
ǫ
αλ
)
+ q3Cα
(
γαλν + γ
α
νλ
)
− q3
(
γαλǫγ
ǫ
να + γ
α
νǫγ
ǫ
λα
)
− q3
(
γαλǫγ
ǫ
αν + γ
α
νǫγ
ǫ
αλ
)
− q3
(
γαλν||α + γ
α
νλ||α
)
.
(26)
Using the information in Table I and noting that γ.γ+
γ.γ = gνλ̟νλ = ̟, we write Eq.(26) as:
0 =2Gνλ −
1
2
q2gνλ̟ + q
2̟νλ + q
3φνλ
− 2q3ωνλ − q
3̟νλ − q
3ψνλ.
(27)
The original Einstein equation of gravity has the ge-
ometric Einstein tensor Gνλ, equals a phenomeno-
logical energy-mementum tensor Tνλ. We now write
Eq.(27) to reflect that structural appearance as:
Gνλ =−
1
2
(
−
1
2
q2gνλ̟ + q
2̟νλ + q
3φνλ
− 2q3ωνλ − q
3̟νλ − q
3ψνλ
)
,
(28)
with:
T
g
νλ =q
2
(
̟νλ −
1
2
gνλ̟
)
+ q3
(
φνλ − 2ωνλ −̟νλ − ψνλ
) (29)
The arrow at Eq.(30) implies a correspondence be-
tween the geometric tensor T
g
νλ with the phenomeno-
logical energy-momentum tensor Tνλ.
T
g
νλ → Tνλ. (30)
In a more compact and yet more informative form,
we write Eq.(28) as:
Rνλ −
1
2
gνλR = −
1
2
T
g
νλ. (31)
It easy to see that setting q = 0, reduces Eq.(31)
to the case of Einstein equation in free space. This
implies Riemannian geometry hides away this aspect
6of nature, hence, Einstein obtained gravity equations
that are partly geometric and partly phenomenologi-
cal. This suggests that the present geometry is supe-
rior to the Riemannian in unraveling the intricacies of
nature.
In what follows, we write the skew-symmetric part
B[νλ] of Eq.(24). Before that, we also tabulate the
relevant second order world skew-symmetric tensors.
As we said earlier, this helps to keep the math less
fuzzy.
TABLE II. Second Order skew-symmetric World ten-
sorsa[6]
S/N World tensors
1. κνλ := γ
α
νǫγ
ǫ
αλ − γ
α
λǫγ
ǫ
αν
2. χνλ := Λ
α
νλ||α
3. ηνλ := CαΛ
α
νλ
4. ǫνλ := Cν||λ −Cλ||ν
a Every term in the table is parameterized; the
parameters are suppressed for brevity.
Also, let us note the following important identity
satisfied by skew-symmetric tensors; it will come in
handy.
ηνλ + ǫνλ − χνλ ≡ 0. (32)
Let us also elaborate mathematically on item 4 of Ta-
ble II.
ǫνλ := Cν||λ − Cλ||ν
=
(
Cν,λ − Cλ,ν
)
+ Cα
(
{αλν} − γ
α
λν − {
α
νλ}+ γ
α
νλ
)
=
(
Cν,λ − Cλ,ν
)
− CαΛ
α
νλ
=
(
Cν,λ − Cλ,ν
)
− ηνλ.
(33)
Now, using Eq.(33) and Table II, the skew-
symmetric part of Eq.(24) is:
0 = B[νλ]
= q2
(
γαλǫγ
ǫ
αν − γ
α
νǫγ
ǫ
αλ
)
+ q3Cα
(
γαλν − γ
α
νλ
)
− q3
(
γαλǫγ
ǫ
αν − γ
α
νǫγ
ǫ
αλ
)
− q3
(
γαλν − γ
α
νλ
)
||α
= −κνλ + qκνλ + q
(
χνλ − ηνλ
)
= −(1− q)κνλ + qǫνλ
= −(1− q)κνλ + q
(
− ηνλ + Cν,λ − Cλ,ν
)
.
(34)
Recognizing (1− q)κνλ + qηνλ = Fνλ, we write:
Fνλ = q
(
Cν,λ − Cλ,ν
)
. (35)
Eq.(28) shows a very agreeable morphological corre-
spondence with the nonlinear equations of general rel-
ativity due to Einstein. Eq.(35) resembles very much
the electrognetic field tensor due to Maxwell. The dif-
ference between the present theory and the nonlinear
theories due to Einstein and due to Maxwell is that the
present theory is totally geometrical. Einstein gen-
eral relativity is partly geometrical and partly phe-
nomenological. In what follows, we apply a lineariza-
tion scheme on the symmetric and skew-symmetric
equations so we can make comparison with linear field
theories.
III. LINEARIZED FIELD EQUATIONS
For Eq.(31) and Eq.(35) to be physically and ex-
perimentally viable, the equations should have proper
classical behavior. So, we shall linearize them and
compare the results with linear theories notably those
of Newton. The linearization method to be used was
been put forward by F.I. Mikhail and M.I. Wanas[11].
This method involves a series expansion of the tetrad
or parallelization vector of AP-space. We shall present
the rudiments of the arithmetic that this entails and
we shall apply it in getting linearized expressions for
regularly encounter AP geometric objects. We shall
then re-substitute linearized versions of these objects
into the field equations.
On the parallelizable manifold, the Lorentzian met-
ric gµν comprises product of two tetrads. The tetrad
is in general spacetime dependent. It would be space-
time independent if we intend to build the Minkowski
metric from a tetrad, in which case we have the
Minkowski metric as:
η′µν := χ
′
i
µχ
′
i
ν . (36)
The perturbative expansion of the spacetime depen-
dent tetrad is given at Eq.(37). The expansion param-
eter s is so small that we ignore squared and higher
order terms; this implies we are considering weak field
approximations in this scheme.
χ
i
µ(x) := δiµ + sU
i
µ(x). (37)
Expansion of the contravariant tetrad field is given
below.
χ
i
µ(x) := δiµ − sU
µ
i(x) +O(λ
2). (38)
With the above definition for the tetrad field, every
geometric object of the AP-space can be constructed
in terms of it. For instance, we present in what follow,
s-linearized expressions for the relevant AP objects.
gνλ = χ
i
νχ
i
λ
= (δiν + sU
i
ν)(δiλ + sU
i
λ)
= δνλ + s(U
ν
λ + U
λ
ν) + s
2U
i
νU
i
λ
= δνλ + sWνλ + s
2U
i
νU
i
λ.
(39)
Similarly, we obtain for other geometric AP objects
the following expressions[10, 12].
{ανλ} =
s
2
(Wνα,λ +Wλα,ν −Wνλ,α), (40)
7where Wνλ = (U
λ
ν + U
ν
λ).
Γαµν = sU
α
µ,ν (41)
The parameterized torsion, contortion and basic form
are given respectively as:
Λαµν = sq(U
α
µ,ν − U
α
ν,µ), (42)
γαµν = sqU
α
µ,ν −
s
2
q(Wµα,ν +Wνα,µ −Wµν,α), (43)
Cµ = sq(U
α
µ,α − U
α
α,µ). (44)
Recall that q is the parameterization term, where s is
the perturbation parameter. The following Table III
gives the least order and maximum order of the per-
turbation parameter of various linearized geometric
objects of AP-space.
TABLE III. Ordera of Perturbation of AP tensors[6]
Geometric object Power of s
Minimum Maximum
χ
i
ν 0 1
gνλ 0 2
χ
i
ν 0 X
gνλ 0 X
Γανλ 1 X
{ανλ} 1 X
γανλ 1 X
Λανλ 1 X
χνλ 1 X
ǫνλ 1 X
ηνλ 2 X
κνλ 2 X
φνλ 2 X
ψνλ 1 X
̟νλ 2 X
ωνλ 2 X
Rνλ 1 X
Fνλ 1 X
a X: implies 2 and higher powers of s
The symmetric part of Eq.(31) will be expanded to
order linear in the perturbation parameter s. Let us
rewrite Eq.(31) in the following equivalent form.
Rνλ = −
1
2
(
T
g
νλ −
1
2
gνλT
g
)
. (45)
The following gives the s-linearized Ricci tensor.
Rνλ = R
α
νλα
= {ανα},λ − {
α
νλ},α + {
ǫ
να}{
α
ǫλ} − {
ǫ
νλ}{
α
ǫα},
(46)
where using the result of Eq.(40), we obtain the fol-
lowing.
{ανλ},λ =
s
2
(
Wνα,α +Wαα,ν −Wνα,α
)
,λ
=
s
2
Wαα,νλ
(47)
{ανλ},α =
s
2
(
Wνα,λ +Wλα,ν −Wνλ,α
)
,α
=
s
2
(
Wνα,λα +Wλα,να −Wνλ,αα
)
.
(48)
Terms involving products of the connections will have
quadratic power of the parameter s and will be set to
zero in this linearization scheme. So, we obtain the
linearized Ricci tensor to be:
Rνλ =
s
2
(
Wαα,νλ +Wνλ,αα −Wνα,λα −Wλα,να
)
.
(49)
Next, we s-linearize the geometric energy-momentum
tensor given at Eq.(29). From the results of Table III,
we see that the only term linear in s will be ψνλ. So ne-
glecting nonlinear powers of s, we have the linearized
geometric energy-momentum tensor as:
T
g∗
νλ = −q
3sψνλ. (50)
Hence, the linearized symmetric part of Eq.(31) is:
s
2
(
Wαα,νλ +Wνλ,αα −Wνα,λα −Wλα,να
)
= −q3sψνλ.
(51)
For linearized GR, the only non-vanishing term arising
due to speeds in the classical regime (v << c), is the
term for which the Riemannian connection is {α00};
this means our linearization scheme will involve terms
for which ν = λ = 0. And also, because of the low
speeds involved in this region, the field must be weak
and therefore assumed static so that gνλ,0 = 0; this
implies also that χ
i
ν ,0 = 0 and consequently Wαα,0 =
W0α,0 = 0. We may therefore write Eq.(51) as:
1
2
(
Wαα,00 +W00,αα −W0α,0α −W0α,0α
)
= −q3ψ00.
(52)
The terms involving derivative along the zeroth (or
time) axis vanishes because we are in the static field
domain. Summing over α and noting that the ze-
roth component will also yield static result, we have
the following 3-dimensional second order differential
equation with a source term.
W00,jj =
∂
∂xj
∂
∂xj
(
W00
)
= −2q3ψ00; j ∈ {1, 2, 3}.
(53)
In the weak field limit, we posit that the classical grav-
itational potential is proportional to the (linearized)
8gravitational potential gνλ. That is, we may use the
result of Eq.(39) and write:
φ(x) ∝ δνλ + sWνλ +O(s
2). (54)
Eq.(54) implies:
W00 =
φ
sk
−
1
s
(55)
where k is constant of proportionality. Now, we may
write Eq.(53) as:
∇2φ = −2q3skψ00 = τψ00 (56)
Let us note that the energy-momentum distribution
for Einstein’s GR has been modeled on a special case
of the fluid solution. This model is called the perfect
fluid and it is given by:
Tνλ =
(
ρ+ p
)
UνUλ + pg
′
νλ; (57)
where g′νλ = diag(−1, 1, 1, 1), ρ is the energy density
of the fluid and p is the fluid pressure. In GR, the uni-
verse is modeled on this fluid model where ρ is taken to
be the density of energy distribution and p is the pres-
sure within the material or source of gravity[13]. In
this linearization scheme, we have seen that we must
pay attention to the case for which ν = λ = 0; recall-
ing that U0 = 1, g
′
00 = −1, then it is easy to see that
for this case, we shall have:
T00 = ρ+ p− p = ρ. (58)
And linearized Einstein’s GR may be written in terms
of the energy density as:
∇2φ = τρ (59)
Eq.(59) is the Newtonian limit of Einstein’s GR and
clearly it corresponds with the geometric result of
Eq.(56). Hence, the symmetric part of the com-
bined field equations has a well behaved linear ap-
proximation. To ascertain whether the present the-
ory effectively unifies gravity and electromagnetism,
the linearization scheme is also applied to the skew-
symmetric part of the field equations and the result
compared with the Maxwell equations.
Our next task is to linearize Eq.(35). Using the
results of Table III, we see that κνλ and ηνλ have
no terms constant nor linear in s. This implies that
setting to zero terms of quadratic or higher order of
s, we have Cν,λ = Cλ,ν for all values of ν and λ. This
means that Fνλ of Eq.(35) is identically zero and thus,
cannot represent the electromagnetic field tensor of
Maxwell theory.
IV. REMARKS
We have shown that the Dolan-McCrea variational
method, which has been underrepresented over the
years is a potent tool for Physics by applying it ex-
tensively and analytically in deriving combined field
equations of gravity and “electromagnetism”. The
gravity component of the nonsymmetric equations be-
haved as expected up to linearity. However, the elec-
tromagnetism component vanishes identically at lin-
earity. We state here that this unexpected behavior
has been attributed to the invariant scalar used in the
variational method and a scalar has been constructed
from the W-tensor to address this issue[7].
Also, we have dotted the i’s and crossed the t’s
while lending some physical significance to geometric
results.
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